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Abstract. We prove a global well-posedness result for defocusing nonlinear 
Schrodinger equations with time dependent potential. We then focus on time 
dependent harmonic potentials. This aspect is motivated by Physics (Bose— 
Einstein condensation), and appears also as a preparation for the analysis of 
the propagation of wave packets in a nonlinear context. The main aspect 
considered here is the growth of high Sobolev norms of the solution. 



1. Introduction 
Let d ^ 1, and for x € R d , consider the nonlinear Schrodinger equation 

(1.1) idtu + —Au = V(t,x)u + X\u\ 2,T u ; U| t=0 = u o, 

where V G R is locally bounded in time and subquadratic in space, A £ R, and 
the nonlinearity is energy-subcritical (a < 2/(d — 2) if d ^ 3). We prove that the 
solution exists and is global in 

s = {/effW ; x^\x\f(x)eL 2 (R d )}, 

provided that uq G £, <t < 2/d (mass-subcritical nonlinearity), or a ^ 2/d and 
A ^ (defocusing nonlinearity). We then focus on the case where V is exactly 
quadratic in x: 

1 1 d 

(1.2) id t u+ -Au = -^n j (t)x' 2 j u + X\u\ 2a u ; u\ t=0 = u , 

3 = 1 

where £!j £ R, with ttj E C 1 (R). In the isotropic case (fl,- = il for all j), we show 
that the above result is optimal in the sense that for all e C(R;R), if A < 
and a — 2/d, there exist blow-up solutions. We also investigate the growth of high 
Sobolev norms for large time. 

There are at least two motivations to study (|1.2[) . In Physics, this external 
potential may model a time dependent confining magnetic potential: (|1.2p appears 
in Bose-Einstein condensation, typically for a = 1 (or a = 2 sometimes in the 
one-dimensional case d = 1), see e.g. jT2] [22l [28] . Equation (|1.2|) also appears as 
an envelope equation in the nonlinear propagation of wave packets. In the linear 
case, consider 
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In the limit e — > 0, ip E can be approximated as follows: 

if i 2 

where (x(t),£(t)) is given by the Hamiltonian flow associated to H = + V(x), 
with initial data (cccb£o)i 

4>(t, x) = (x- x{t)) ■ m + f Q (^(r)| 2 - V (z(r))) dr, 

and u is given by the equation 

id t u+ ^Au = i (Q{t)x, x) u ; it| i=0 = 

Here, Q is defined by Q(t) — KessV (x(t)), the Hessian of V at point x(t); see 
e.g. [IS]- We note that the external potential in this case has the form presented 
in (|1.2[) . To study the nonlinear propagation of wave packets, another parameter 
must be taken into account: the size of the initial data. In [llj . it is shown that 
there exists a critical size (depending on the nonlinearity and the space dimension) , 
corresponding to a certain power of e: for initial data which are smaller (as e — > 0) 
than this critical size, then the nonlinearity is negligible and we retrieve the same 
description as above; for initial data which have the critical size, we have a similar 
description, up to the fact that the envelope equation is now nonlinear, of the form 
(|1.2[) . To study the propagation of wave packets over large times (typically, up to 
- an analogue of - Ehrenfest time) , one has to understand the large time behavior 
of solutions to (|1.2[) . 

Remark 1.1 (Time dependent nonlinearity). With little modification, we could also 
consider the more general equation 

1 1 d 

(1.3) id t u+-Au= -^2n j (t)x 2 J u + h(t)\u\ 2a u ; U| t=0 = u , 

i=i 

where h g C°°(R;R). Following [T3] (see also [13]), the regularity assumption on 
h could be weakened. We choose to consider an autonomous nonlinearity in most 
of this paper though. 

Remark 1.2 (Complete integrability) . The cubic one-dimensional case d= a = 1 is 
special: if fi = 0, then the equation is completely integrable (p]). More generally, 
(|1.3j) has a Lax pair (recall that d = a = 1) provided that VI and h are related 
through the identities f[3T|[27]): 

n(t) = fit) ~ f(tf 5 h(t) = aefW ; a G R, /eC oc (R;R). 

The case where the above relation is not satisfied is included in Proposition [0] 

The assumption we make on the external potential V is inspired by |20j : 

Assumption 1.3. V G L^ c (R t x R^) is smooth with respect to the space variable: 
for (almost) all t € R, x i— >■ V(t,x) is a C°° map. Moreover, it is subquadratic in 
space: 

VT >0, Vae N d , |a| ^ 2, d*V € L°°([-T, T] x R d ). 
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Note that this assumption does not involve spctral properties of V, and are very 
little demanding concerning the dynamical properties pour the associated Hamil- 
tonian. The time dependent harmonic potential that we consider in (11.21) is of 
course a peculiar case of such potentials V. 

1.1. L 2 -subcritical case. When the energy is L 2 -subcritical (a < 2/d), we have: 

Proposition 1.4. Let A € R, < a < 2/d and V satisfying Assumption \1.3[ For 
all u e L 2 (R d ), dUTJ has a unique solution 

u e C (R; L 2 (R d )) n Ljjf (R; L 2CT+2 (R d )) . 

Moreover, its L 2 -norm is independent of time: 

ll u WllL2(Rd) = \\u Q \\ L 2( R d), Vi e R. 

Sketch of the proof. In view of [201 121) , local in time Strichartz estimates are avail- 
able. Therefore, one can reproduce the original proof of [37] (see also [T3J 131]): m 
order to infer the result. □ 

1.2. Energy subcritical case. In order to encompass the physical case a = 1 
when d = 2 or 3, we need to consider the case a ^ 2/d. We shall restrict our 
attention to i/ 1 -subcritical nonlinearities: a < 2/(d—2) when d ^ 3. To solve 
(|1.2p . even locally in time, one needs to work in E, and not only H 1 : symmetry is 
needed on physical and frequency sides, unless V is sublinear [9|. Local existence in 
S then follows from the dispersive estimates in [20] [21] : one can work as in the case 
V = (where it is possible to work in i/ 1 (R d ) only). Instead of considering only 
(w, Vw) as the unknown function, one can consider (u, Vit, xu): the three functions 
are related through a closed family of estimates, and we get: 

Proposition 1.5. Let A € R, V satisfying Assumption !! .S\ and a > with u < 
2/{d— 2) if d 3. For uo G t/iere exists T and a unique solution u solution to 
(jl.ljl . suc/i £/ia£ 

u, Vu, xu e C (] - T, T[; L 2 {K d )) n (] - T, T[; L 2CT+2 (R d )) . 

Moreover, its L 2 -norm is independent of time: 

II u WIIl2(r/*) = HuolU^Rd), vt e] - t,t[. 

Since in 20, 21"] . only bounded time intervals are considered, we give more pre- 
cisions about this result in in order to consider global in time solutions: we 
have been careful in the statement of Proposition 11.51 not to write that T depends 
only on ||uo||s- To infer global existence results, we wish to replace the initial time 
t = in (|1.1[) with t = to ^0: under the assumptions of Proposition II .5[ it is not 
guaranteed that the corresponding T is independent of to. However, it is proved in 
[201 121] local dispersive estimates are available, uniformly on finite time intervals. 

The natural candidate for an energy in the case of (|l.lj) is 
(1.4) E{t) = \\\Vu{t)\\ 2 L2 + ^\\u{t)\\ 2 °+ 2 2+ f V(t,x)\u(t,x)\ 2 dx. 

Z (7+1 ,/ R d 
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Proposition 1.6. Under the assumptions of Proposition [7751 if in addition V is 
C 1 with respect to t, and dtV satisfies Assumption \1.3\ then E G C 1 (] — T, T[;R), 
and its evolution is given by 

(1.5) ? = / d t V(t,x)\u(t,x)\ 2 dx. 

at j R d 

The proof of the above result is straightforward, by following the same lines as 
in the justification of similar evolution laws in, e.g., |13j . 

Theorem 1.7 (Global existence in £). Let A G R, a > wit/i a < 2/(d - 2) if 
d ^ 3, and satisfying Assumption \1.3\ For uq G S, we can fa&e T = +oo in 
Proposition \1.5\ in the following cases: 

• a < 2/d. 

• a ^ 2/d and A ^ 0, provided V is C 1 in t and dtV satisfies Assumption ! 1 . 3[ 

Remark 1.8. This result extends the main one in [7], where typically the (time 
independent) potential —io\x\ + io\x\ is considered. It is established in [7] that if 
A > and w\ 3> 1 + ^2, then the solution to (|1.2[) is global, and there is scattering. 
The present theorem extends the existence part, but of course the assumptions of 
Theorem 1 1.71 are too general to expect a scattering result: in the case of (|1.2[) with 
flj = 1 Vj, for instance, one can construct periodic solutions to (|1.2I) . of the form 
u(t,x) = e~ lult ip(x). Indeed, this amounts to finding a non-trivial solution to the 
elliptic problem 

1 Irl 2 

(1.6) u)*i/j = HiIj + \\ip\ 2,y ip, where H = --A + 
Introduce the quantities 

M = <ip G S ; — !— / \^{x)\ 2a+2 dx = 1 



and consider 



R'' 



inf Iitb) 

lp£M 



If bj > d/2 (the lowest eigenvalue of the harmonic oscillator), then (|1.6p has a non- 
trivial solution for A > 0. If u < d/2, then (|1.6p has a non-trivial solution for A < 0. 
See e.g. [TU] for more details. 

Theorem 11.71 shows that in the usual cases where global existence is known 
without a potential, the introduction of a smooth subquadratic potential V does 
not change this property, regardless of the time dependence of V with respect to 
time. In the case a = 2/d and A < 0, we prove that finite time blow-up does occur 
for time dependent potentials, like in the case with no potential: 

Proposition 1.9 (Finite time blow-up). Let a — 2/d and A < 0. Consider (II. 2[) 
with an isotropic potential: Qj = O G C (R; R) is independent of j . There exist 
blow-up solutions for (|1.2j) : we can find T > 0, and u G C(]0,T]; E) solving (|1.2[) 
such that 

||Vu(t)|U 2 ^oo. 
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1.3. Growth of higher order Sobolev norms. We now stick to the case of 
time dependent harmonic potentials, ()1.2|) . In view of the analysis of nonlinear 
wave packets in a semi-classical regime ([11]). the evolution of weighted Sobolev 
norms of u over large time intervals is needed. 

Consider first the autonomous isotropic case: flj = £1 is a constant. 

If il = 0, then at least when A ^ and 2/d ^ a < 2/(d — 2), the Sobolev norms 
of u are bounded, u G L°°(R; H k (R d )) (provided the nonlinearity is sufficiently 
smooth), since we know that there is scattering in H 1 (because we know that there 
is scattering in E, since scattering in H 1 only is not known so far in the case 
a = 2/d); see e.g. [38]. The momenta of u grow algebraically in time (see [2]). We 
give a short alternative proof of these properties in an appendix. 

If D, > 0, then u G L°°(R;£), as proved by ([1.511 . The existence of periodic 
solutions to the nonlinear problem (see Remark II. 8 [) shows that we may also have 
u G L°°(R; H k ) and \x\ k u G L°°(R; L 2 ) for all k G N. 

If CI < (repulsive harmonic potential), then it is proved in [5] that every 
defocusing H ^subcritical nonlinearity is short range as far as scattering theory is 
concerned: if A > in (|1.2[) . then u(t) ~ U(t)u + as t — > +oo, for some u + e S, 
where U(t) — exp (— it(— + ^|x| 2 )). Assume O = —1. Using Mehler's formula, 
and a decomposition of U(t) of the form U — MDTM as in [35] originally (for the 
case ft = 0), we notice 

[TYfW, (a; - ) - 1 u,( X ) e'-sCTT^I 2 
w +v y t^+oosinh£ + Vsinht/ 

This shows that the L 2 norms of V?7(t)u+ and xU(t)u+ grow exponentially in time. 
By the results in [6], so do the I? norms of Vm and xu. Note that at least in the 
linear case A = 0, we see that the iJ fc -norms of u grow like e kt as t goes to infinity. 

Definition 1.10. Let u 6 C(R;£) be a solution to (|1.2[) . and k € N. 

• (Alg)k is satisfied if there exists A such that for all admissible pair (p,q), 

Ma, P g N d , H + |/3| < fc, \\x a dP x u\\ LP{m . Lq) < t A . 

• (Exp)k is satisfied if there exists C such that for all admissible pair (p,q), 

Va,/3 G N d , |a| + \J3\ < fc, ||x«9f u || Lp([0 t];i9) < e CT . 

We wish to consider smooth energy-subcritical nonlinearities. Since we study 
homogeneous nonlinearities, we have to assume: d ^ 3, a G N, with a = 1 if d = 3. 

Corollary 1.11. Let d < 3 7 A ^ and a G N, wit/i cr = 1 if d = 3. Let k G N. 

u G (R d ) , mi/i |x| fc u G L 2 (R d ). 

If £lj G C 1 (R;R) is compactly supported for all j, then u has the property (Alg)^. 

Proof. We may assume that suppfi C \—M,M\. From Theorem 11.71 U|t=M G S. 
It is easy to check that the higher regularity is conserved as well: this is rather 
straightforward, since we consider an energy-subcritical nonlinearity. The corollary 
then follows from the case = 0, where (Alg)k is satisfied, as recalled in the 
appendix. □ 

In the case where the dependence of fij with respect to time is not specified, 
the evolution of the energy (|1.4|) yields no exploitable information. Even in the L 2 - 
subcritical case, we will see that proving exponential control requires some work. 
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Proposition 1.12 (Exponential growth). Let d ^ 3, a G N, with a — 1 if d='i, 
£lj G C(R;R) &e locally Lipschitzean, t £ N, t ) 1, and 

M G H k (R d ) , with \x\ k u G L 2 (R d ). 

(Exp)k is satisfied (at least) in the following cases: 

• a = d = 1 (L 2 -subcritical nonlinearity) , and Q is bounded. 

• a ^ 2/d, X ^ 0, and flj — Q ^ is independent of j (isotropic repulsive 
potential). 

Remark 1.13 (Optimality). When the potential is repulsive and time- independent 
(fi = — 1 typically), the exponential growth is sharp, and C does depend on k 
(C = k when f2 = —1), as discussed above. 

Remark 1.14. We prove that in the case of an isotropic repulsive potential, there is 
scattering provided a ^ 2/d (Proposition I6.4[) : morally, (Exp)k is satisfied because 
it is satisfied in the linear setting (case A = 0). However, this property on the linear 
solution demands a justification; the key is Lemma 16.21 

1.4. Outline of the paper. In Section[2l we prove Theorem [T77l We then focus on 
the study of Equation (|1.2[) . In Section[3l we derive a generalized Mehler formula to 
express the fundamental solution associated to the linear equation, (11.21) with A = 0. 
In Section 21 we generalize a lens transform, known in the case of isotropic time- 
independent quadratic potentials, to the case of isotropic time-dependent quadratic 
potentials. This allows us to infer Proposition 11.91 In Section [5J we introduce 
some vector fields, which correspond to Heisenberg derivatives, and yield interesting 
evolution laws when the potential is isotropic. In Section |6j we examine the large 
time behavior of solutions to ()1.2[) . and prove Proposition ll.121 Finally, we show in 
an appendix that when V = 0, for large time, the solutions to (jl.ljl have bounded 
Sobolev norms and algebraically growing momenta, provided there is scattering. 

2. Global existence in E: proof of Theorem 11.71 

2.1. Strichartz estimates. We first recall some results established in [201 |2"T] . 

Consider V satisfying Assumption 11.31 It is established in .20 that one can define 
U(t,s) as u(t, x) = U(t,s)tp(x), where 

(2.1) idtu + -Au — V(t, x)u ; u(s, x) = <p(x), 

along with the following properties: 

• U(t,t) = Id. 

• The map (t, s) i— > U(t, s) is strongly continuous. 

• U(t,s)* = U{t lS )-\ 

• U(t,T)U(T,s) = U(t,s). 

• U(t, s) is unitary on L 2 : \\U(t,s)<p\\ L 2 = \\tp\\ L 2. 

In addition, we know from [21 that for all T > 0, t, s G [-T, T], 

(2.2) \\u(t, o)u( s , o)vIU~<r*) = Merc*. «MU-(r<) < uz^wi IMUw 

provided that \t — s\ < n. It is implicitly assumed in [20. that r\ may depend on T; in 
Example 1 2 . 4 1 b elo w . we show that it does indeed, in the case of the time dependent 
harmonic potential, if the functions £lj are not bounded. 

Recall the standard definition in the context of Schrodinger equations: 
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Definition 2.1. A pair (p,q) is admissible if 2 ^ q < (2 ^ q ^ oo if d = 1, 

2^<7<oo if d = 2) and 

The general results on Strichartz estimates (see e.g. [26]) then yield, as a conse- 
quence of the dispersive estimate ()2.2|) : 

Proposition 2.2. Recall that U(t, s) is defined by (|2.1j) . where V satisfies Assump- 
tion \1.3[ Let T > 0. There exists r\ > swc/i i/iaf </ie following holds: 

(1) for any admissible pair (p,q), there exists C q such that 

\\U(-,sM LP{[StS+v] , Lq) ^C q y\\ L 2, V^I 2 (R d ), \J S £}~T,T-n{. 

(2) For seR, denote 



D g (F)(t,x)=J 



U{t,T)F(T,x)dT. 



For all admissible pairs (j>i,qi) and {p2,q2), there exists C — C qi _ q2 independent of 
s g] — T, T — r)[ such that 

( 2 - 3 ) ll- D »( i? )llz»i([.,»+a]i£«) < c ll^ll^i ' 

for all F G L^(I; L 92 ) and < <5 < 77. 

1 1 2 

Example 2.3 (Standard harmonic oscillator). Assume that V(t,x) = The 
above result is then standard (see e.g. [13] )• The fact that one has to consider finite 
time intervals for the above result to be valid stems for instance from the existence 
of eigenvalues for the harmonic oscillator: let g(x) = e~' x '"/ 2 be the ground state 
associated to the harmonic potential, and denote u{t,x) = e~ ltd / 2 g{x). It solves 

1 o^A 
idtu+-Au=—u ; u\ t =o=g. 

We compute ||n|j iP (/ ;i ,) = |7| 1 ' p ||5||i<, ) which shows that Proposition 12.21 becomes 
false with n = 00. 

Example 2.4. We show that in general, the above result is false with T = 00. Let 

V(t,x) = ±il(t)\*\ 2 - 
If is not bounded, then the above uniformity with respect to s fails: let 
Cl(t) = n 2 if An + 1 = t n < t < An + 2. 

Since we have 

-Ia + ^M 2 ") e -"N72 = I^ e -nN7 2) 
2 2 1 1 J 2 

the function u(t,x) = e -ind(t-t n )/2-n\xf /2 solves (g-jj with s = tn If Proposi- 
tion [372] was true with T = 00, we would have: 

/27r\ d/(2?) /7T\ rf / 4 
IMIiP([4n+l,4n+l+»7];L«) = ?7 /? I —J < C\\u(t n )\\ L 2 = C 

where C does not depend on n. For all g > 2, letting n go to infinity leads to 
a contradiction. Since (|2.2[) implies Proposition 12.21 this shows (|2.2[) is valid for 
\t — s\ < n where n depends on T, unless f2 is bounded. 
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2.2. Local existence in S. Since (11. lj) is not autonomous, we consider the same 
problem with a varying initial time: 

(2.4) id t u + ^Ait = V(t, x)u + X\u\ 2a u ; u\ t=s = u , 

with seR. 

Proposition 2.5. Let X E R. a > wi£/i cr < 2/(d — 2) if d^ 3, and V satisfying 
Assumption \1.3[ Let M > 0, and s g] — M,Jlf[. for aZZ uo € S, i/iere exists 
T = T(||uo||e,M) and a unique solution u solution to (|2.4[) , suc/i that 

u, Vu, m G C (]s - T, s + T[; L 2 (H d )) n (]s — T, s + T[; L 2<T + 2 (R d )) . 

Moreover, its L 2 -norm is independent of time: 

\W(t)\\ L 2 (R d } = ||u ||L2(Rd), V* e]s -T,s + T[. 

IfV is C 1 in t, then the energy E (defined by (|1.4|) ) evolves according to (| 1 . 5[) . 

Sketch of the proof. We present here only the main steps of the classical argument. 
Duhamel's formulation for (12.41) reads 



u(t) = U(t, s)u a -iXJ U(t, t) (\u\ 2a u) (r)dr. 

Denote the right hand side by $ s (u)(t). Proposition 12.51 follows from a fixed point 
argument in the space 

I T = {ieC(/ T ;S) ; u,xu,Vu€ L^ (l T ; L 2rT+2 (R d )) } , 

where Lt —]s — T, s + T[. Introduce the Lebesgue exponents 

4cr + 4 n 2a{2a + 2) 
q = 2 ° + 2 5 P =— ; g= 2-(d-2)a - 

Then (p, g) is admissible, and 

1 _ 2(7 1 1 _ 2(7 i 

(7' (7 q ' p' 9 p 
Proposition 12.21 and Holder inequality yield 

W{u)\\Lr{i T ;Li)nL<~(i T ;Li) < C||uo||i,2 +C|||u| 2<T u|| iP , (/r;i ,, ) 

< C\\u \\ L 2 + C\\u\\ 2 ^e {lT . Lq) \\u\\ LP(lT . Lq) , 
where C is independent of s G [— M, M] and T ^ n. Using Sobolev embedding, 
\\^ s (u)\\ LPilT . Lq)nLa , ilT , L 2 } < C||w |U 3 + C T2CT/e |kl|| ff oo (Jr . H i ) ||u|| LJ , (jT;La) . 
We have 



V$ s (w)(i) = I7(t, s)Vu - iXJ U(t, r)V (\u\ 2a u) (t)cZt 

-i [ U(t,T)(<I> S (u)(T)VV(T))dT. 



NLS WITH TIME DEPENDENT POTENTIAL 



9 



We estimate the second term of the right hand side as above, and get, since VV is 
sublinear by assumption: 

||V$ s ( U )|| iP(/T;L , )nL ~ (/T;i2) < C\\Vu \\ L 2 +CT 2CT / e || u |||'L (/T;ffl) ||V U || LP(/T;L9) 

+ C\\<P s (u)VV\\ LHIt]L 2 ) 
< C\\Vu \\ L2 +CT 2a ' e \\u\\% (lT . :Hl) \\Vu\\ LP(lT . M) 
+ CT||x$»|| L ~ (/r;L2) + CT||$"(u)|| L - (jT . za) , 

where, again, C does not depend on s E [— M, M]. We have similarly 

\\x^ s (u)\\ L p (lT . Lq)nL c X , (lT . L 2 ) < C||:z;u || L 2 +CT 2 ' T/9 ||M|||'L (/r;H1) ||a;u|| i p (/r;i , ) 

+ CT||V$ s ( U )||^ (7T;i2) . 

Choosing T sufficiently small, one can then prove that <£> s maps a suitable ball in 
Xt into itself. Contraction for the norm || ■ \\lp(i t ;Li) is proved similarly, and one 
concludes by remarking that Xt equipped with this norm is complete. □ 

We can now infer the analogue to the standard result (which is not straightfor- 
ward since we consider a non-autonomous equation, in the presence of an external 
potential): 

Corollary 2.6. Let X G R, a > with a < 2/(d- 2) if d ^ 3, V satisfying 
Assumption ll.Sl and uq G S. Either the solution to (|1.2j) is global in time (in the 
future), 

u, Vu, xueC (R+; L 2 {K d )) n Ljjf (R+; L 2a+2 (R d )) , 
or there exists T > 0, such that 

||Vu(t)|| L 2 — >+oo. 

t-¥T 

< 

Proof. Let M > 0. Proposition 12.51 shows that the only obstruction to well- 
posedness on [0, M\ is the existence of a time < T < M such that 

IM*)IU» + l|v«(t)IU»^+oo. 

< 

So long as u € C([0,t]; E), we have (see e.g. [13] for the arguments that make the 
computation rigorous) 

(2.5) — f x 2 \u(t,x)\ 2 dx = 21m f Xju(t, x)dju(t, x)dx. 

dt J Rd J Rd 

Suppose u G L°°([0,T]; H 1 ). Then the above formula, Cauchy-Schwarz inequality 
and Gronwall lemma show that xu € L°°([0, T}; L 2 ), hence a contradiction. The 
corollary follows, since M > is arbitrary. □ 

Therefore, to prove global existence in E in the iJ 1 -subcritical case, it suffices to 
exhibit a priori bounds for Wu in L 2 . 
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2.3. L 2 -subcritical case. In the case a < 2/d, recall that the classical argument 
of |37j can be applied directly, to infer Proposition 11.41 The a priori bound for 
(Vit, xu) in L 2 then follows, by resuming the computations presented in the proof 
of Proposition 12.51 Keeping the same notations, we have in particular 



l|V < f> s (u)||LP(/ T ;L9)ni° c (/r;i 2 ) + \\ X ^ S ( u ) \\LP(I T ;Li)nL^ (I T ;L 2 ) 

< Cll^olls + C\\u\\ 2 L % {lT . Lq) (\\Vu\\ L p (lT . Lq) + \\xu\\ LV(lT . Lq) ) 
+ CT (||<D s (u)||^ (/t;L2) + \\x^(u)\\ L ^ {lT , L 2 } + ||V$ s ( U )||^ (7T;i2) ) , 
where we recall that 

4cr + 4 2er(2er + 2) 



q = 2a + 2 



da 2-(d-2)o-' 



and, in view of Proposition 12.51 we know that u — In the case a < 2/d, we 

have 1/p < 1/8, and thus 

\\u\\ L . (lTm < (2T) 1 / e - 1 /f|| u || iP(/r;i , ) = (2T)™ + % + , 1, || u || LP(/r;L , ) . 

By Proposition ll.4[ u £ L^ oc (R; L 9 (R d )). Splitting any given time interval [-M, M] 
into finitely many (tiny) pieces, we obtain an a priori bound for (Vu, xu) in 
L°°([-M,M];L 2 ). Since M > is arbitrary, Corollary [231 yields the first point of 
Theorem 01 

2.4. Defocusing energy-subcritical case. We now consider the case A 0, 
with a < 2/ (d — 2) if d 3. To complete the proof of Theorem ll.7[ we resume 
the computation initiated in the proof of Corollary I2.6[ in order to infer a virial 
identity: 

Lemma 2.7. Let A £ R, a > with a < 2/(d—2) if d ^ 3, and V satisfying 
Assumption ! 1 . S\ Let uq € S, and u £ C(] — T, T[; S) be the solution to given 
by Proposition ^. 51 ('case s = OJ. Denote 

y(t)= t \x\ 2 \u(t,x)\ 2 dx. 

Then y G C 2 (] — T, T[), and satisfies 



j2 r j 

^|=2l|Vw(i)||| 2 -2 / x- W(i,ir)KM)| 2 ^ + 2A— — 
J R d a- + 1 



Proof. We present the formal part of the proof, and refer to [13] for the arguments 
that make the proof rigorous. We first resume the computation made in the course 
of the proof of Corollary 12.61 Differentiating (|2.5j) with respect to time again, we 
have: 



dt 2 



\xju\\ 2 L 2 =2Im / XjdtudjU + 2 Im / Xjudjdtu 
Jn d Jn d 

= —2 Im / (u + 2xjdju) d t u — 2 Re / (u + 2xjdjH) id t u 
■In In 



R'< 



2 Re / (u + 2xjdju) [ —Au + V(t, x)u + \\u\ 2a u 



2 
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The terms in factor of u simplify easily, and we infer: 
d 2 



M>\\xMh = HVullia + 2 jf V(t,x)\u{t, x)\ 2 dx + 2\\\u\\f++ 2 
— 2 Re / XjdjTiAu + 4 Re / V(t,x)xjudjU 



4ARe / Xjlu^udjU 



||V«||ia+2 / V(t,x)\u(t,x)\ 2 dx + 2X\\u\\ 2 L a 2 t+2 



R d 

2\ 



\Vu\\l 2 +2\\d jU \\l 2 + 2 f x j V(t,x)d j 
JR d 



2^ n ,i|2(T+2 



= 2\\d jU \\ 2 L 2 - 2 [ XjdjV{t,x)\u{t,x)\ 2 dx + 2\— ^— ||u||^++ 2 . 
JR d a + 1 

The result then follows by summing over j. □ 

To complete the proof of Theorem [T71 fix M > 0, and for t G [0,M], let 

f(t)=y(t) + \y(t)\. 

We have 

lit) < \m\ + \m\ < \m\ + 2iiv«iii, + c* + cr„(t) + ci| U ||^+ 2 3! 

where we have used Lemma l2.7l the estimate 

\x- VV(t,x)| sC C(M) (l + \x\ 2 ) , V(t,x) G [0,M] x R d , 

and the conservation of mass. Since Uq G S, (|1.4|) - (|1.5|) (this is where we have to 
assume that V is C 1 in t) yield 

l|V«||i a + \\u\\%% < 1 + y (t) + sup y(s) < 1 + sup y(s). 

Gronwall lemma implies / G L°°([0,M]). We infer y G L^ C (R). With the above 
inequality, this implies Vu G L^ C (R; L 2 ), and Theorem 1 1 . 71 then follows from Corol- 
lary cm 

3. Generalized Mehler formula 

In the rest of this paper, we consider the case where V is exactly quadratic in x, 
and study some properties associated to (|1.2j) . 



3.1. The formula. Classically, Mehler's formula refers to the explicit formula for 
the fundamental solution of the linear equation 

d 

")X]U\i n ; UUn|t=0 = Uq, 



(3.1) id t u iin + ~Aui in = ^y^Ojft)a- 2 - 



2 



in the case Clj = 0, with fij > 0. See e.g. [19] . It was generalized (still with Oj = 0) 
in [33] to a framework where typically, Qj G R has no specified sign. 
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The case of time dependent harmonic potentials with d — 1 was considered in 
[16] , along with other terms corresponding for instance to time dependent magnetic 
and electric fields. Since the case d ^ 1 for (13.11) follows by taking the tensor product 
of the one dimensional case, we shall simply rewrite the results of [16] (and adapt 
them to our conventions). 

Seek formally the solution to (|3.1I) as 




(3.2) unn(t,x)= | | 1 — — j / , ?""■•'■■'"«„( //)<///. 

where 

d 

4>(t, x,y) = J2 M*)z? + Wj(t)xjV3 + 7i(*)w? + ^j{t)x 3 - + 2e i (t)j/ 7 ) + 6{t), 

3=1 

and all the functions of time involved in this formula are real- valued. For instance, 
when fi = 0, we have n(t) = t, a = j3 = 7 = 1/t and S = e = 9 = 0: the convergence 
u\in(t) — > uo as t — > is recovered (at least formally) by applying the stationary 
phase formula. Note that in view of the results of D. Fujiwara [501 HI], we know 
that there exists r\ > such that for \t\ < 77, the solution to (|3.1[) can be expressed 
as 

*) = ^ e^-^aft x, y)u (y)dy : 

where a(0,x,y) = 1, d%d!j}a G L°°Q - J7,r?[xR d x R d ) for all a,/3 G N d , and 

<p(t,x,y) = — ^ \-t£(t,x,y), 

with 9«a^ G L°°(] - ?7,?7[xR d x R d ) as soon as \a + 0\ > 2. 

Applying the differential operator i<9t + 5 A to (|3.2j) . and identifying the terms 



XjVj : fa + a p.j = 0. 
Xj : 5 j + ajSj = 0. 
Im(C) : fij — OLjUj. 



(in x^xjyj . . .) in 


(pTTj), we find: 


x): 


dj + a 2 j + = 








ij + = 0; 


Vi ■ 


k, + P 3 5 3 = 0; 


Re(C) : 


+ ^ = 0. 

3=1 


We infer that fij is given by 


(3.3) 


/ij + flj(t)/ij = 


We also have 





M J (0)=0 ! Aj(o) = i. 



*3 — 

M3 



Note that as in the standard cases (Clj — 0), a.j(t) ~ 1/i as £ — > 0. For /3j, we have 
/3j + ^9,- = 0, hence /3j{t) = 
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and the stationary phase formula (as t — > 0) yields C = — 1. We also find 

7j -(t) = — - — - / 3 -±-A T dT. 

3 ftWftW Jo (Aj(t)) 2 

Since ^ (0) = e 3 -(0) = 0(0) = 0, we have 8j = e, = 9j = 0. 

Remark 3.1. The case of the usual harmonic potential (f2j = 1) shows that singular- 
ities may be present in the fundamental solutions for positive times, corresponding 
to the zeroes of fij; see e.g. [T71 1551 130] . 

Remark 3.2. The dispersive properties associated to (|3. II) are measured by the 
Hj's. We will see for instance that if £lj ^ for all j, then global in time Strichartz 
estimates are available, as in the case Qj =0. 

To summarize, we have: 

Lemma 3.3. Let d 1, and Qj G C(R; R) &e locally Lipschitzean. There exists 
T > swc/i i/iai /or uo G <S(R d ), £/ie solution to (|3 . 1 1) is given, for \t\ < T, by: 

1/2 



f 1 2i7T//j(t) 



ere 



+ ni(*)/*i = ; %(0) = 0, /^(O) = 1, 

«i = ^ ; &■ = -— ; 7j .(t) = — J— - - f JhQ-dT. 

3 N 3 H 3 Jo (/i,(T)) 2 

Remark 3.4. The fact that the quadratic potential has no rectangle term is not 
necessary in order to get such a result. If we consider 

idtUn n + -Aun n = i (M(t)x, x) linn, 

where M(t) is a (time dependent) symmetric matrix, then a similar formula is 
available. Of course, the formula is more involved, and since it does not really 
bring new information, we do not carry out the computation here. 

3.2. Some consequences. In this paragraph, we assume that the functions fij 
are bounded. This assumption was discussed in Example 12.41 

As a consequence of the boundedness of Qj , we infer a uniform local bound from 
below for the functions fij. It follows from the growth of the functions /Ltj-'s, which 
is at most exponential: 

Lemma 3.5. Assume that for all j G {l,...,d}, ttj G C(R; R) is locally Lips- 
chitzean and bounded. For s G R, define /ij and Uj as the solutions to 

(3.4) • < »,fi//; ; //;;*: 0, 1. 

(3.5) ^+%(% s =0 ; ^(s) 1. » s j (s)=0. 

There exists C > independent of s G R such that 

WW + IAS(*)I + KWI + l^(*)l < C-e c l*- s l, V* G R. 
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Proof. Introduce //(*) = |AJ(t)| +\tf(t)\. We have 

//(*) < \m)\ + iak*)i = i%(*K(*)i + ia?(*)i 

Gronwall lemma yields, since /j"(s) = 1, 

//(*) <e c|t - a| , 

for some C > 0, independent of j, s and t. The first part of lemma then follows. 
The second estimate is similar. □ 

In view of the initial data for fj,? and fj, we infer: 

Lemma 3.6. Assume that for all j € {1, ...,d}, Clj G C(R; R) is locally Lips- 
chitzean and bounded. There exists 7/ > such that for all j, and all s G R, 

l/#*)l>^> vt, \t- s \<r), 

where fij and are given by (|3.4p and (|3.5p , respectively. 

This yields a uniform local dispersion in (12.21) . and we infer a property which 
will be crucial in the study of the large time behavior of high Sobolev norms: 

Proposition 3.7. Assume that for all j, flj G C(R; R) is locally Lipschitzean and 
bounded. Then Provosition \2.2\ remains valid with T = oo. 



4. Generalized lens transform 

4.1. The formula. It was noticed in [2S] that in the case of the L 2 -critical nonlin- 
earity (cr = 2/d), an explicit change of unknown function makes it possible to add 
or remove an isotropic harmonic potential: if v solves 

(4.1) id t v + ^Av = X\v\ 4 / d v ; «| t=0 = tio, 

where A G R, then u, given for \t\ < tv/(2u) by the lens transform 

(4 2) u(t x) = - ( tenM) x \ if | xPtan(wt) 

[ ' ( ' } (cosM)) d / 2 { w 'cos(^)r 



solves 



(cos(wi)) d/2 V w 'cos(wt) / 
1 uj 2 

id t u + -Au = — \x\ 2 u + X\u\ 4/d u ; u\ t - = u Q . 



See also jSHllSlISi]- Note that the change for the time variable is locally invertible, 
not globally. The case of a repulsive harmonic potential, 

1 uj 2 

id t u+-Au= — —\x\ 2 u + X\u\ i/d u ; u\ t = = u Q , 

is obtained by replacing uj by itu: a formula similar to (14. 2[) follows, where the 
trigonometric functions are replaced by hyperbolic functions (and the discussion on 
the time interval becomes different), see [6]. A heuristic way to understand why this 
approach works only in the case of isotropic potentials is that even though there 
would be a "natural" candidate to change the space variable in the anisotropic case, 
there is no satisfactory candidate to change the time variable. 
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The lens transform can be generalized to the case of (|1.2p provided that the 
potential is isotropic in the sense that ilj(t) = Q(t) is independent of j. Seek an 
extension of (14.21) of the form 



(4.7) 



(4-3) "(^) = ^(cW,^)e^^^ 2 , 

with a, b, £ real-valued, 

(4.4) 6(0) = 1 ; a (Q) = C(0)=Q. 

Suppose also that v solves a more general non-autonomous equation 

(4.5) id t v+^Av = H{t)\v\ 2a v ; v {t=Q = u . 
We want u to solve 

(4.6) id t u + ^Au = -CL(t)\x\ 2 u + h(t)\u\ 2a u ; u\ t=0 = u . 

Apply the Schrodinger differential operator to the formula (I4.3|) . and identify the 
terms so that u solves (|4.6p . We hnd: 

b = ab ■ a + a 2 + n = ; f = 4 ; b(t) da ~ 2 H (((t)) — h(t). 

b A 

Introduce the solution to 

j jl + n(t)fj, = ; /i(Q) = 0, £(o) = i. 
\i> + Q(t)v = ; 1/(0) = 1, z>(0)=0. 

Note that since the Wronskian of /i and v is constant, we have p,v — fxv = 1 for all 
time. This relation extends the identities cos 2 t + sm 2 t — 1 and cosh 2 t — sinh 2 t = 1. 
In view of (|4.4|) . we infer: 

^ >, > A* 

a=— : b = v ; £ =— ■ 

Note that £ is locally invertible, since £(0) = and 

t = = ^2 ' hcncc = L 

Therefore, the lens transform is locally invertible. Moreover, since &(0) = v(0) = 1, 
we can write, locally in time, 

H{t) = b (c l {t)) 2 - d ° h (c 1 W) =„((£) 1 (t)) ^ ft ((£) 1 (*)) . 

Proposition 4.1. Lei w sofce 

id t v+-Av = H{t)\v\ 2a v ; W| t=0 = u - 
Le£ Q G C(R;R). There exists T > suc/i i/ia£ f/ie following holds. Define u by 

where (ijl,v) is given by (|4.7p . Then for \t\ < jj,(T)/v{T), u solves 

idtu + —Au = —il(t)\x\ 2 u + h(t)\u\ 2a u ; U|t=o = Wo, 
w/iere = v{t) d °- 2 H (ji(t)/u(t)). 
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Remark 4.2. We do not require ft to be locally Lipschitzean: all we need is the 
local existence of a C 2 solution to (|4.7|) , so we can rely on Peano existence theorem. 



Remark 4.3 (Generalized Avron-Herbst formula). A similar result is available, 
when the quadratic potential Sl(i)|x| 2 is replaced by a linear (anisotropic) one 
E(t) ■ x, where E € C(R; R d ). The solutions to 

id t v + ^Av = h(t)\v\ 2a v ; v\ t=0 = u , 

id t u + -^Au — E(t) ■ xu + h(t)\u\ 2<T u ; it|t=o = Uq, 
are related by the formula 

U(t, X ) = v(t,X+ J* £ E( S )dsdT^ e~ iX 'X E (T)dr~i & |£(r)| 2 dr_ 

4.2. Proof of Proposition 1X791 We assume in this paragraph that the nonlinear- 
ity is focusing: A < 0. By homogeneity, we can assume A = — 1. It is well known 
that the equation 

(4.8) id t v + ^Av = -\v\ 4/d v 

possesses solutions which blow up in finite time, with different possible rates (see 
e.g. [21 [131 [Ml [321 EH] and references therein). 

By adapting Proposition ^. II to isolate the initial time t — 0, we see that the lens 
transform maps a solution to (|4.8p which blows up at time t — to a solution to 



(4.9) id t u + ^Au = ^il{t)\x\ 2 u - |u| 4 / d w 

which blows up at time t = 0. Note that the blow-up rate is not altered by the lens 
transform, since v{t) w 1 and n(t)/v(t) w t as t — >• 0. 

Typically, consider the (unstable) minimal mass blow-up solution to (|4.8p : 

v b x ) = p[^Q (f ) e '"> 

where Q is the ground state, defined as the unique positive, radial, solution to 

-^AQ + Q = Q 1+A ' d . 

The lens transform yields a corresponding blow-up solution to (|4.9[) given by 

1 / x \ iiw m!.,^!) 
u(i,x) = , Q — r-r e 2 'Kt) . 



/i(<)^ 2 ^ VmW 

To our knowledge, this gives the first example of an explicit blow-up solution in the 
presence of a time-dependent external potential. 

Note that we have considered the explicit case of minimal mass blow-up solutions 
for convenience. Any blow-up solution for (14.8[) gives rise to a blow-up solution for 
(|4.9j) . with the same blow-up rate. 

Note also that without extra assumption on f2, the Sobolev norms of u may have 
an arbitrary growth as t — > oo. 
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Example 4.4. Consider n(t) = exp (1 — e*) — exp (l — e 2t ) (which satisfies /i(0) = 
and /i(0) = 1). Then the growth of Sobolcv norms of the function u given by the 
above formula is given by a double exponential in time, since 

To determine the corresponding function J7, we compute 

il(t) = (e 2t ~ e 4 ) (exp (l - e*) - 4 exp (l - e 2 ')) , 

and therefore 

= exp(l- e *)~4exp(l-e 2t ) _ 
W exp(l~e t )-exp(l-e 2 *) v ' ; 

We note that f2(£) ~ — e 2t as f ^ +oo: the harmonic potential is repulsive (ft < 0), 
and becomes exponentially stronger as time increases. 

5. Vector fields 

The aim of this paragraph is to show that there exists vector fields which may be 
useful to study the nonlinear equation (| 1 . 2|) , in the same spirit as in [6 , 8 . Consider 
the solutions to 



/>.. • ( -\. •:':/', o ; Mi(0) = 0, Aj(0) = i. 



(5.1) 

We define 

Aj = (ijXj + i^jdj = ifije 1, 2 m j dj I e ' 2 "J ■ I = ifije 2 ^ k ~~ dj 




e 



Bj = VjXj + ivjdj = ivje 2 dj " 2 "i ■ j = ivje^ k 2 dj 

Note that the last two expressions for A or B show that A and i? act on gauge 
invariant nonlinearities like derivatives: the modulus ignores the multiplication by 
the exponential. 

Example 5.1 (ilj = 0). When Qj = 0, Bj = idj and Aj = Xj + itdj, which 
are Heisenberg derivatives commonly used in the theory of nonlinear Schrodinger 
equations (see e.g. [13]). When Qj — uj'j > 0, Aj — XjCOs(uijt) + i sm ^ J Q Q,- and 
Bj = ujjXj sin(wji) + icos(ujjt)dj: we recover classical Heisenberg derivatives (see 
e.g. [T5]). In these two cases (as well as in the case f2j = — w 2 < 0), we have 

Aj = U v (t)xj U v (-t) ; Bj = U v {t)id 3 U v (-t), 
where U v (t) = exp (-tf(-§A + V(a;))), V(a:) = Efc=i ^4- 

More generally, consider T^Xj +irjjdj: we check that this operator commute with 
the linear operator 

fc=i 
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if and only if r\j satisfies ijj + VLjifj = 

d 

2 



1 1 

id t + - A - - ^ n k (t)x 2 k ,r]jXj + ir/jdj 



k=l 



idt + \d) - )-Vtj{t)x 2 , ijjXj + iijjdj 



2 3 2 

This is zero if (and only if) fjj + QjTjj = 0. 

Remark 5.2. This computation could be extended to the case where the center of 
the harmonic potential depends on time: 



1 1 d 

id t u + -An = 2 X] ^ fe W ( Xfe _ c '=( i )) 2 u - 
fc=i 



Replacing TjjXj + with (a;j — Uj(t)) + we can repeat the above com- 

putation, and check that the two operators commute if and only if fjj + ftji]j = 
and fjjUj + rjjijj + r/jttjCj = 0. We choose not to investigate this case further into 
details here. 

To show that the E-norm of u is related to the L 2 -norms of AjU and BjU, write 

We note that the determinant of Mj is the Wronskian of /ij and Vj : 

det Mj = fjfij — HjVj = 1. 

Therefore 



(5.2) 



We shall use these vector fields in the isotropic case, where they provide a priori 
estimates: 

(5.3) id t u + ^Au = ^Q(t)\x\ 2 u + \\u\ 2a u. 

Since A commutes with the linear part of t|5 ,3|) and acts on gauge invariant nonlin- 
caritics like a gradient, we have readily 



1 d 
2~dl 

Expanding (Au) 2 , we obtain eventually 



Au\\ 2 L2 =Xalm f \u\ 2lJ ~ 2 u 2 [A 



(5.4) I + ^IN^) = (2 - da) \\u\\%% 

(5-5) i ( hlBuWh + ^-\\uf L %t^) = (2 - da) \\u\\ 2 °+ 2 



dt I 2 £7 + 1 l 2 "+ 2 y — cr + l l 2 "+ 2 - 

These evolution laws are the analogue of the pseudo-conformal conservation law 
(see [8] for the case Si = 0). They will allow us to infer scattering results in the 
case fl < 0, A > (jjET5j). 
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6. Growth of higher order Sobolev norms and momenta 

6.1. The linear case. In this paragraph, we assume A = 0. We recall that in 
general, Mehler's formula is valid only locally in time, since singularities may appear 
in the fundamental solution; see e.g. [17l [24j |39j [40] . To understand the long time 
behavior of the solution u\\ n to (|3.1|) . one may use Egorov Theorem (see e.g. [4]). 
Since we deal with a time-dependent potential, modifications would be needed in 
Egorov Theorem, and we rather follow another strategy, to have some estimates in 
the linear case (instead of an exact asymptotic behavior, as Egorov Theorem would 
give us) . This approach is based on the vector fields introduced in $5l 

We remark that since the L 2 -norm of uu n does not depend on time, and since the 
operator Aj and Bj introduced in $5] commute with Equation (|3.1j) . the L 2 -norm 
of Aj ± Bj 2 . . . Aj k uy ln is constant, for whichever combination of these vector fields. 
In view of (|5.2j) . we infer, for fee N, 



IIMSinWIU* + \\uUt)\\H* < E (M*)l fc + M*)l fc ) • 

Lemma T3 . 5 1 shows that if Slj € C(R; R) is locally Lipschitzean and bounded, then 
the above quantity grows at most exponentially in time. By Proposition 13.71 we 
conclude that (Exp)k is satisfied for all k, provided u is sufficiently smooth and 
localized. We recall that the case Clj = — 1 shows that the exponential growth may 
occur, and that in (Exp)k, the constant C must be expected to depend on k (C = k 
when 57 = —1 is sharp). 

6.2. The L 2 -subcritical case. 

Lemma 6.1. Let a, k G N, with a 2/d, fij G C(R;R) be locally Lipschitzean 
and bounded, and 

u Q E H k (R d ) , with \x\ k u Q € L 2 (R d ). 
Suppose that there exists f G C(R+;R+) with /(0) = such that 
(6-1) IMU*([ a , s +r];£«) < /W) Vs,reR, 

where 

2cr(2cr + 2) 

Then the solution to (|1.2p satisfies [Exp)k- 

Proof. The first step consists in resuming the computations carried out in the proof 
of Proposition |2~51 in the case k = 0. The case k ^ 1 will follow by induction (recall 
that the constant C in the exponential growth must be expected to depend on k). 
Case k = 0. Let us pretend that the L 2 -norm of u is not conserved, to simplify 
the induction. Resuming the same numerology as in the proof of Proposition 12.51 
Strichartz estimates yield, for all t G R and r > 0, 

\\u\\LP([t,t+T];L<l)nL°°(lt,t+T];L2) ^ \\u(t)\\ L 2 + \\ u\\ |e ( [ M+r ] II "II !>([*, i+r] ;L") 

<\\u(t)\\ L 2+f(T) 2 °\\u\\ LP([t j +r] . Lq) . 

Fix r <C 1 once and for all so the last term of the right hand side can be absorbed 
by the left hand side, up to doubling the estimating constant: at every increment 
of time of length r, the L 2 norm is multiplied (at most) by some fixed constant C. 
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This implies that it grows at most exponentially. Using Strichartz estimates again, 
we conclude that (Exp)o is satisfied (and actually, (Alg)o is also true). 

Case k ^ 1. For k > 1, suppose that (Exp)k-i is satisfied. To avoid a lengthy 
presentation, we denote by wi the family of combinations of a momenta and /3 
space derivatives of u, with |a| + = I (wo — u). We have, rather formally, 

1 1 d 

(6.2) idtw k + -Aw k = - Y J ^j{t)x 2 j w k + V{u,w k ) + F + L(w k ), 

where V is homogeneous of degree 2a with respect to its first argument, R-linear 
with respect to its second argument, F satisfies the pointwise estimate 

1^1 < E Kl-->wil> 

where the sums carries over combinations such that in addition £j = fc (F = in 
the case k = 1), and L is linear with respect to its argument. A word of explanation 
is needed about L: this term stems from the fact that x and V do not commute 
with the linear part of the equation. One might argue that we could proceed as in 
the linear case, and use repeatedly the vector fields Aj and Bj . The problem is that 
even though Aj and Bj act on gauge invariant nonlinearities like derivatives, this 
is not so, for instance, for AjBj (the phases do not cancel in the factored formula). 
We might use the operators Aj t . . . Aj k and Bj t . . . Bj k , but this does not suffice 
to recover the momenta and derivatives of u, since "rectangle" terms (like AjBj) 
would be needed. 

We proceed in the same spirit as in the case k = 0: 

\\wk\\LP([t,t+r];L")nL°°([t,t+r];L 2 ) ^ I|w/c(£)||l 2 + 1 1 U 1 1 |e([ M+r ] .£«) 1 1 W k \ \ L ? ([t,t+r] ;£«) 
+ X] \\ w ei\\L°([t,t+T];Li) ■ ■ ■ \\we 2<r \\L0([t,t+T];Li)\\we 2lr + 1 \\LP([t,t+T];Li) 

+ ||i(^fe)||L 1 ([t,t+r];L 2 ) 

Fixing t <C 1 independent of t G R, the second term of the right hand side is 
absorbed by the left hand side. The sum is treated thanks to (Exp)k-i- We notice 
that since a ^ 2/ei, we have 9 p, where we recall that (p,q) is admissible: for 
1 < J < 2a, 

\\^Mat,t+r];L<,) < r l / e -^\\ Wl] \\ LP{%t+T] , Lq) < T l/fl-l/P e O(*+r) j 

where we have used (Exp)k-i- The last term of the sum is estimated similarly. 

Finally, the term L(wk) is handled in thanks to the Gronwall lemma, and (Exp)k 
follows. □ 

The proof of Proposition If .121 in the one-dimensional cubic case follows readily. 
Since this case is L 2 -subcritical, we have 9 < p. Using Strichartz estimate, we infer, 
for s, r G R, 

\\u\\lp([s,s+t]:Li) «S C{p) M|uo||l,2 + Hwllie^g+rJ^^lkllifda.a+rliisi)) 
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where we have used the conservation of mass, and C'(p) is independent of s and r. 
Choosing r sufficiently small, a bootstrap argument implies that there exists C > 
such that 

\\u\\ LP (Is, s+T];Ll) < C, Vs £ R, < r < T . 

Again since 6 < p, we conclude that (|6.f |) is satisfied with f(r) = Cr 1 ^ e ^ 1 / p . 

6.3. Isotropic repulsive potential. We assume a ^ 2/d, and A ^ (defocusing 
nonlinearity) . We show that in the isotropic repulsive case fij = f2 ^ (a case 
where the energy _E defined in (|f ,4p is not a positive functional) , the evolution laws 
derived in £0 show us that the nonlinearity is negligible for large time, and there is 
scattering. In this paragraph, we also assume that £1 is locally Lipschitzean, without 
systematically recalling this assumption. We start with the straightforward result: 

Lemma 6.2. Assume Qj(t) ^ for all t ^ 0. Then the solutions to (|5 . 1[) satisfy: 

Vj{t) ^ 1, ^(t) ^ t, Uj{t) > 0, (ij{t) ^ 1, Vt > 0. 



Remark 6.3. As a consequence of this lemma, Proposition 12.21 remains valid with 
T = oo, even if O ^ is not bounded. 

We can then prove: 

Proposition 6.4. Assume Qj — is independent of j, with f2(t) for all t 0. 
Let 2/d ^ a(< 2/(d - 2) if d > 3j, A ^ and u e S. TTie solution to (O is 
global in time, and there is scattering: 

3u+eZ, \\V(t)(u(t)-U(t,0)u + )\\ L2 — > 0, 

£—►+00 

/or any ^ G {Id, A,-, and where U(t, 0) corresponds to the free evolution (13.11) . 
Proo/. Since A ^ and cr ^ 2/d, (15"3)l and Lemma IBT21 yield 

1 n-i-iia , V n.-iifcr+a A ^ n . d ( 1 ut>„.\\2 , Az/2 n..n2o-+a 



We infer a priori bounds for Au and Bit in L 2 . Duhamel's formula reads, for s £ R: 
u{t) = U(t, s)u(s) - iX [ U(t, t) (|u| 2ct u(t)) dr. 



For £ {ld,A,B}, apply $ to the above formula: 

V(t)u(t) = U(t, s)^(s)u(s) - iX [ U(t, r)tf(r) (|u| 2<T u(r)) dr, 



where we have used the fact that 'J commutes with the linear part of the equation. 
Since ^> acts on gauge invariant nonlinearities like a derivative, we have, thanks to 
Strichartz estimates: 

ll*w|| iP([Sit];L , )nL oc ([Sit] . L 2 ) < ||*(s)u(s)|| i 2 + ||u||ie( [ait] . i9 )||*u|Up([ s ,i];i«), 

with the same numerology as in the proof of Proposition ^. 51 Since u, Au and Bu 
belong to L°°(R + ; L 2 (R d )), we have 

(6.3) IK*)IU« - IK*)IU^+= ^ ' 



(t) 



da/(2a+2) ' 



22 



R. CARLES 



where we have used the factorization formula for A and B, Gagliardo-Nirenberg 
inequality, and Lemma T6. 2 1 We infer u G L e (R+; L q ): 

„ da Ida 2 

Q ^ 1 

2a + 2 ~~ 2 - (d - 2)a 

since 2da 2 + (d — 2)a = 2a(da — 1) + da > 2. Dividing R into a finite number 
of intervals on which the L L 9 -norm of u is small, we infer ^>u G L' P (R + ; L q ). 
Scattering follows easily: 

U(0, t)u(t) = u -i\ [ [7(0, s) (\u\ 2a u{s)) ds. 
Jo 

For ^ G {Id, V, x}, apply ^ to the above formula: 

${7(0, t)u(t) = - iX [ *C7(0, s) (\u\ 2,J u(s)) ds 
Jo 

= $u - «A / C7(0, s)\t (|u| 2ct w(s)) ds, 



where * = Id if \P = Id, * = -iS if * = V, and * = A if * = x, respectively. We 
have 



||W(0,ta)u(*2) - *U(0,ti)u{ti)\\v 



< 



C7(0,s)*(|w| 2ct u(s)) ds 



L°°([t u t 2 ];L 2 ) 



sil*(M 2 NII^ ([tl , ta]i LO 

Z ll«lli»([t 1> t a ];i«)ll*«l|j>([ti 1 * a ] i i«) tif ^. oo 0. 

Therefore, U(0,t)u(i) converges to some u + G S, and the proposition follows. □ 

This result strongly suggests that the solution to the nonlinear equation has the 
same behavior as the solution to the linear equation as time goes to infinity. It 
should therefore not be surprising that (Exp)k is satisfied in this case. However, 
the delicate issue is to measure high order Sobolev norms. To do so, we modify the 
argument of Lemma 16. II We will use the operators A and B once, and just once in 
view of the discussion in the proof of Lemma 16.11 

We have seen in the course of the proof of Proposition 16.41 that u G L e (R;L q ) 
and G L p (R;L q ) for G {Id, A, B}. As announced above, we modify the 
induction argument of Lemma 16.11 we first apply either A or B to (|1.2j) . and 
then apply a combination of x a and d£. We still denote by wi the family of 
combinations of a momenta and /3 space derivatives, now applied to either Au or 
Bu, with \a\ + |/J| =1—1. Eventually, this will not alter the conclusion, in view 
of (|5.2[) and Lemma 13.51 Despite this small change in the definition of wi , we 
still have (|6.2[) for k 2 (the case k ^ 1 is of no interest, since we know that 
*u G £ P (R; L q ) n L°°(R; L 2 ) for * G {Id, A, B}). Resume the key estimate for w k : 

\\wk\\LP([t,t+r];Li)nL^([t,t+r];L^) < ||Wfc(*)||z,2 + ||u|||fl([ t)f+T ]. i a)ll«'fc||i*([i ) i+r];i«) 

+ J! ll^llU e ([t,t+r];L9) ■ ■ • \\ W e 2 J\L0([tA+T];Ll)\\we 2<r + 1 \\LP([t,t+T];Ll) 
0<^j<fe-l 

+ ll^( W fe)l|L 1 ([t,t+r];L 2 ) 
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Fixing r <C 1 independent of t G R, the second term of the right hand side is 
absorbed by the left hand side. The only difficulty consists in analyzing the sum. We 
may assume that £20-+ 1 corresponds to the largest value of indices I. For 1 ^ j ^ 2a, 
if £j ^ A; — 2, then we simply estimate 

W^W L«([t,t+r];Ll) ^ T 1/e ||w* J |U°°([t,t+T];£«) < r 1/e || \\ L oc ([ t ,t+r]-H i) 

<T 1/e ||^. + i|| L =o ([t , t+r];L2 )<e c ( t+ ^, 

where we have used (Exp)k-i- So the only case we have to examine is when 
^2er+i = fc — 1 = ^jo f° r some 1 ^ jo ^ 2er. Note that since ^Z^j = k, this may 
happen only when k — 2. In that case, we can assume that the term wi 2tr+1 is of 
the form Au or Bu (a term which is L P (R; £ 9 )), and estimate as above 

ll^io \\L»([t,t+r];Ll) ^ rl/e ||w2||L-([M+T];L 2 )- 

The corresponding term in the sum can therefore be absorbed by the left hand side 
(like V). In the other cases, we estimate ||u^ 2<T+1 ||ii>([i t+Tlji*) thanks to (Exp)k-i- 
Having examined all the possibilities, we conclude that (Exp)k is satisfied. Note 
that Proposition 16.41 suggests that the large time behavior of higher (weighted) 
Sobolcv norms of u is the same as in the linear case, so the exponential growth is 
sharp in general. 

Appendix A. The case with no potential 
Consider the nonlinear Schrodinger equation without potential: 

(A.I) id t v + ^Av = X\v\ 2a v ; v\ t=0 = Vq, 

with energy-subcritical or energy-critical nonlinearity, a ^ 2/(rf — 2) if d ^ 3. 
Lemma A.l. Let a 6 N with a ^ 2 if d = 1, and a ^ 2/(d — 2) if d ^ 3. Let 

2d(cr + 1) 
d - 2 + da 

Assume that (jA.lj) possesses a global solution v £ L Pl (R; W 1 ^ 1 (R d )). Letk G N. If 
v G H k (R d ), thenv G L°°(R; # fc (R d ))> md ™«« generally, v € L Po (R; W/ fe -*(R d )) 
/or aZ/ admissible pair (po,Qo)- 

Remark A. 2. The assumption cr G N is made only to simplify the presentation. 
The proof could be adapted to the case where the map z n- \z\ 2a z is C k . 

Remark A. 3. The main assumption of the lemma states essentially that asymptotic 
completeness holds in a suitable space. We could even assume that the nonlinearity 
is (2cr + l)-homogeneous, and not necessarily gauge invariant. However, scattering 
is known with no size assumption on vq in the defocusing gauge invariant case (see 
below), hence our choice. Note that in the case d — 1, an algebraic control of the 
growth of Sobolev norms is known, regardless of gauge invariance |32) . 

Proof. We remark that the pair (pi, q\) is admissible, and 
1 2a + 1 1 1 2a 



(pi.gi) = 2a + 2, 



p'l Pi q[ qi da(a + l)' 

We prove the lemma by induction on k. We first prove 

ve L P1 (R; VF fe ' 9l )nL 00 (R;i/ fc ). 
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We start with k = 1: applying V to (|A.1[) . Strichartz estimates on / = [to,t] yield 
||V?;|| L ^ ( / ;L 2 )ni p 1(/ . L , 1) C (\\Vv(t )\\ L 2 + ||l u | 2<T Vi;|| iP ; (/ . i<!;) ) 

< c (|I u (*o)||l2 + \\v\\l° 1{I . Ld ^ +iy) \\Vv\\ L p 1(I . Lqi) ^ , 
where we have used Holder inequality. Notice the embedding 

W x,5l (R d ) C L da( - a+1) (R d ). 

In view of the assumption of the lemma, this implies v £ L Pl (R; i d<T ( <T + 1 )). There- 
fore, we can split R into finitely many intervals on which C||w||^p 1( . / . Ld(T( „ +1) ^ ^5 1/2. 
On each such interval J, we have 

||Vu||i»(j. i 2) ni }. 1 (j. i <( 1 ) < 2C||Vu(to)]|x,3. 

The conclusion follows in the case k = 1. 

Assume now that the result is known for /c ^ 1, and that the nonlinearity is 
C k+1 . Differentiating (IA.1I) k + 1 times with respect to space variable, we find, for 
H = k + 1, 

[id t + ^ d a v = Ni(v) + N 2 (v), 
with the pointwise controls 

Wi{v)\ <\v\ 2,7 \d a v\ ; |JV 2 (tO| < \d ai v\...\d a2 °+ 1 v\. 

\a.j \ ^.k 

Strichartz estimates on the time interval / = [to,t] yield 

\\d a v\\ L ^ {I , L , )r]LP1[I , Lqi) < \\d a v(t )\\ L 2+ J2 1 1 N J(?) I L'i(/ ; L«i) 

.3=1,2 

< U^o)^ + ||«|lx5 1 (J ;i «)||« a «||z».i(J ; L*) 

+ I|5 q1 «||lpi(/;l,2) . . . II^^ii^^^h^+^iUp!^), 

J 

where we have denoted g 2 = do~(o~ + 1), and we have used the ordering 

J = . . , |of2<7-i| < k - 1 ; |Qt2<r|) |a2<T+i| < k ; y^«j = q| ■ 

Proceeding as in the case k = 1, we consider finitely many time intervals on which 

\\d a v\\ L ^ {I]L 2 )nLPliI . Lqi) < \\d a v(t )\\ L ^ 

+ W^vWfW) ■ ■ ■ \\d a2 °v\\ LP1{I . Lq2) \\d a ^v\\ LP1{ i. Lqi) . 
j 

We use the embedding W 1,qi C L q2 again, and the induction assumption: when 
®-2o = k, we proceed like for the term N\ (when summing over all en's such that 
|a| = k + 1), and in all the other cases, we deal with a controllable source term. This 
yields the lemma for the pair (po, go) = (oo, 2). The estimate for general admissible 
pairs follows by using Strichartz estimates again. □ 

Proposition A. 4. Let A > 0, and a ^ 2/d an integer, with a ^ 2/(d— 2) ifd^3. 
Suppose vq G S. Let k G N, k ^ 1. 

(i) Ifv £ H k (R d ), thenv € L Po (R; W^' 90 (R rf )) for all admissible pair (p , q Q ). 
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(ii) If in addition x H> \x\ k v a G L 2 (R d ), then \x\ k v G C(R; L 2 (R d )) and for all 
admissible pair (po,qo), 

VaGN d , |a|0, K«|U([o, i]; Wo) < <*> H ■ 

Remark A. 5. In the case a > 2/d, (i) remains valid without assuming vq G S. The 
point to notice is that one can apply Lemma IA.1I as in the proof below, since the 
assumptions of the lemma are known to be satisfied thanks to Morawetz estimates, 
which yield asymptotic completeness in H l . In the case a = 2/d, this aspect is still 
an open question. 

Proof. Under our assumptions on A and a, we know that there exists a unique, 
global, solution v G C°°(R;£) to ([Al]> . with v G ^(RjiJ 1 ). The pseudo- 
conformal conservation law yields 

where J(i) = x + i£V. The right hand side is non-positive for t ^ 0: this yields an 
a priori bound for J(t)v in L°°(R;L 2 ). Since 



(A.2) J(t) = ite'—V ^e~ 4 — 

Gagliardo-Nirenberg inequality yields 

MW £ j4ll</||-/(*Hi 2 , where 5 = d Q - i V and 2 < p < J^. 

We infer v G L Pl (R; L qi ). Resume the value 

Aa{a + 1) / 2 

" = 7: 7-; — ^r - f = 00 h CT = ~; — ~ 

2-{d-2)a \ d-2 

In view of the identities 

, . /4cr + 4 A 1 1 2a 1 2a +1 

(P,<?) = — J ,2a " 



dcr J p' p 8 q' q 

Strichartz estimates yield 

\\^v\\LP(I:Li)nLPi(I-Lii) < 1 + \\v\\ 2 l<>{I-Li)\\^ v \\lp(I;Li)- 

We note that v G L e (R;L 9 ) (and |jv (4) Hx-a ~> uniformly as i 00): splitting 
R into finitely many intervals, we infer Vv G L Pl (R,; L qi ): the first point of the 
proposition then follows from Lemma [A. II 

The second point of the proposition is obtained by mimicking the proof of 
Lemma I A. II instead of considering V and its powers, consider J = x + itV and its 
powers. In view of (|A.2|) . we can follow the same computations, since the nonlin- 
earity we consider is gauge invariant: \ J\ k v G L°°(R; L 2 ). The algebraic growth of 
the momenta then stems from triangle inequality. □ 
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